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ABSTRACT

In this paper we discuss the applications of high order compact finite difference methods
for shock calculations. The main idea is the definition of a local mean which serves as a
reference for introducing a local nonlinear limiting to control spurious numerical oscillations
while keeping the formal accuracy of the scheme. For scalar conservation laws, the resulting
schemes can be proven total variation stable in one space dimension and maximum norm
stable in multiple space dimensions. Numerical examples are shown to verify accuracy and
stability of such schemes for problems containing shocks. The idea in this paper can also be
applied to other implicit schemes such as the continuous Galerkin finite element methods.
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1 Introduction

Compact schemes are methods where the derivatives are approximated not by polynomial
operators but by rational function operators on the discrete solutions. In this paper we are
interested in solving a hyperbolic conservation law

u + f(u)e +9(u)y =
u(z,y,0) = w’(z,y) (1.1)

using compact schemes. In the semi-discrete form, a compact scheme for solving (1.1) can
be written as

dt Az

where A and B are both local, one dimensional operators. The subscript z or y indicates
that the operator is applied in the z or y direction.
For example, a fourth order central compact scheme is given by (1.2) with

2 = (T Bt () — 3 (4 o) = L (12)

1
(Av); = g(vi-—l + 4v; + vip1)
1
(Bv); = §(vz'+1 — vi_1), (1.3)

a sixth order central compact scheme is given by

1
(Av); = g(vi—l + 3v; + vig1)
1
(B'U),' = @(U,‘.{.z + 28’0,‘+1 - 28’0,'_1 - ’U,‘-Q), (14)

and two third order upwind compact schemes are given by

1
(Av); = g(_vi—-l + 5v; — vi1)
1
(Bv)i = 5(31%' — 4vi_1 + vi-2) _ (1.5)

and

1
(Av); = §("Ui—l + 5v; — viy1)

1
(B’U),' = 5(—U,'+2 + 4vi4 — 3’0,‘) (16)

depending upon the wind direction. Notice that (1.5) and (1.6) have the same implicit part
A which is symmetric. This fact will be used later in Section 2 to define our local means.
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The cost of compact schemes, regardless of the number of space dimensions, involves only
inversion of the narrowly banded (usually tridiagonal) matrix A and hence is comparable
to explicit methods. This is notably different from other implicit methods such as the
continuous Galerkin finite element methods in multiple space dimensions, even if they are
similar in one space dimension.

The advantages of compact schemes include the relatively high order of accuracy using a
compact stencil (for example, the fourth order scheme (1.3) when discretized in time using
Euler forward, uses only a three point stencil in each time level), a better (linear) stability,
and usually fewer boundary points to handle. In recent years compact schemes have attracted
much attention in various fields such as the direct numerical simulations of turbulence. We
refer the readers to [2], [3], [4], [12], and [18] for more details.

The objective of this paper is to apply compact schemes for shock calculations. As
with any other linear schemes (schemes which are linear when applied to linear equations),
compact schemes usually demonstrate nonlinear instability when applied to discontinuous
data. We follow the TVD (total variation diminishing) ideas in [9], [13] and try to define
a suitable nonlinear local limiting to avoid spurious oscillations while keeping the formal
accuracy of the scheme. Notice that the compact scheme, like an implicit scheme, is global.
That is, the approximation to f(u), at z = z; involves u; along the whole line due to the
tridiagonal inversion A™!. Our main idea is to define a local mean, and use it as a reference for
introducing a local limiting. In Section 2 we introduce the limiting for one space dimension
and prove total variation stability. In Section 3 we introduce the limiting for multiple space
dimensions and prove maximum norm stability. In Section 4 we present numerical examples,
and concluding remarks are included in Section 5.

The ideas in this paper were first used by us for continuous Galerkin finite element method
in [7]. That is an on-going project. In this paper we restrict our attention to scalar problems
in order to obtain provable stability results. The application of the method to systems of
hyperbolic conservation laws and to other types of compact schemes (e.g. [1]) is currently
under investigation.

In this paper, we use the total variation diminishing (TVD) Runge-Kutta type time dis-
cretization, introduced in [14], [17], to discretize the ODE in the method-of-lines formulation
(1.2). In the second order case, the time discretization is

u® = ™+ AtL(u")
1 1 1
ntl _  Z.n 2.1 —At (1)
u 5U + 5U + 2A L(u'Y), (1.7)

and in the third order case it is

u® = w4 AtL(u™)

u® = Jun g ) 4 AL ) (1.8)
1 2 2
un'H = §un + §u(2) + §AtL(u(2))

These special Runge-Kutta type time discretizations are labelled TVD because it can be
proven that under suitable restrictions on the time step At (the CFL condition), the full
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discretization (1.7) or (1.8) is TVD, or stable under another norm (for example, the L,
norm) if the first order Euler forward time discretization for (1.2)

u™ = "+ AtL(u") (1.9)

is TVD or stable under the other norm. For details, see [14] and [17].
We thus only need to consider the Euler forward scheme (1.9) for stability analysis in the
subsequent sections.

2 One Space Dimension

In one space dimension, equation (1.1) becomes

us+ flu): =
u(z,0) = u’(z), (2.1)
the scheme (1.2) is
du,- _ 1 ~1p 5/ _
B o (AT BW): = L), (2.2
and the Euler forward time discretization (1.9) becomes
ult = ol + AtL(u");. (2.3)
Scheme (2.3) can be easily written into a conservation form
n : At n
u; +1 _ 'u, - A_(h'+2 - h'__) (24)

suitable for shock calculations. However, the numerical flux h“ ; is not a local function of
2

u? due to the tridiagonal inversion A~!. If we define

u; = (Au);, (2.5)
then scheme (2.3) can be left-multiplied by A to become

art = af — (B (26)

When written into a conservation form,

)

artt = af — __( AR “',n_%), (2.7

this involves a numerical flux f7,; which is a local function of uf. For example,
2

A

ey = 3 (i) + 7)) (2.

for the fourth order central scheme (1.3),



ey = g5 (F(uesa) + 297 wiss) +29f (i) + f(ui-r) (2.9

for the sixth order central scheme (1.4), and

e = 5 (8 (u) — fluir) (2.10)

and

Fiog = 5 (~(uiga) +3f (i) (211)

for the two third order upwind schemes (1.5) and (1.6), respectively. Notice that scheme
(2 7) resembles a cell-averaged (finite volume) scheme [11]. The @; in (2.5), like a cell average,
is a local mean of u, defined by Au in (1.3) through (1.6). Since the computation of the flux
fi +1 in (2.7) mvolves the values of u, a “reconstruction” from @ to u

— (A 'a), (2.12)

is needed. This reconstruction is global.
It is now rather straightforward to define the limiting. We first write

flu) = fH(u)+ £~ (u) (2.13)
with the requirement that
9f*(v) 0f(u)
w 2% Ta SO (2.14)

The purpose of this flux splitting is for easier upwinding at later stages. The simplest such
splitting is due to Lax-Friedrichs

fru) =W Ea),  a=max|f(w) (2.15)

where the maximum is taken over the range of u®(z). We then write the flux fi+% in (2.7)
also as

f'+; —f,+1 +f:_;. (2.16)

where f , are obtained by putting superscripts £ in (2.8) through (2.11).
Next we define

df} = ,+x ~ fH(w); df-lx_ = [ (1) — A,:L;- (2.17)
Here d f f£ | are the differences between the numerical fluxes f it 1 and the first order, upwind

fluxes f"’( i) and f7(@;41). These differences are subject to hmltmg for nonlinear stability.
We define the limiting by



afio = (df b AL @), Ay f+(a,-_1)>
a0 = m(dfy A (@), Auf (@) (2.18)

where A v; = vi4; — v; is the usual forward difference operator, and the (now standard)
minmod function m is defined by

_ | smimcicklai], if  sign(ay) = = signlax) = s
mas, a) = { 0, otherwise. (2.19)

Notice that the limiting defined in (2.18) is upwind biased.
The limited numerical fluxes are then defined by

f+(m) f+(u )+ df+(m), f";(;n) = f (i) — d “;(;n) (2.20)
and
F(m) f+(m) —(m)
fl+1 _f'+_ + I+— . (2'21)
If we define the total variation of the mean u by

TV(@) =) |tip1 — Gl (2.22)

i
we have the following proposition.

Proposition 2.1
Scheme (2.7) with the flux (2.21) is TVDM (total variation diminishing in the means)

TV (@) < TV(a") (2.23)
under the CFL condition
- At 1
ming 27 g (- fw) <5 (2.24)
Proof: We follow Harten [9] and write the flux difference as
f,(.:.n_) f(m) —C; +1 A+U| + D 1 A+u, 1 (225)
where
Avf~ (@) = df 57 +df7
. 3 p— 2
CH-% A.,.u,
D A f* (i) + 5 - dfT] 2.2
i-r = A+u,_1 . (2.26)



The limiting in (2.18) and the properties of f*(u) in (2.14) clearly imply

C; +1 >0, Di_% >0 (2.27)
and
At At —2A+f—(ﬁ,‘) + 2A+f+(ﬂ,')
1 < .
=~ (Civy + Diyy) < =~ ( As <1 (2.28)

The last inequality is due to the CFL condition (2.24). TVDM (2.23) is now immediate
according to Harten [9].

In order to obtain total variation stability for u, we need the following simple lemma.

Lemma 2.2
If there are two numbers 0 £ § < 1 and a > 0, which are independent of N, such that
the N x N matrix A = (a;;) satisfies:

N

1 .
2Ty S igl laij| < 6lajl, j=1,---,N (2.29)

i#
(strongly diagonally dominance for the transpose of A), then the L; norm of A~! is bounded
independently of N,

«

-1
4, < 2 (2.30)
Proof: Let A = diag(ai1, +,ann), B=A— A and C = —~BA~!. We have
IC|lL, = max Zlc |= m fj leisl
'IEN S i 1< <N it laj;| =
1=
O]
Hence it follows that
A, = 1T - A L, = A7 = C)7YIe,
_ _ 14 1
< AL I = C) Mz, < 1A liiLll—:W
1
(o1
< —.
I )
]}



For most compact methods, the matrix A satisfies the condition (2.29) for Lemma 2.2.
For example, in the schemes defined by (1.3), (1 4), (1.5) and (1. 6) A satisfies the condition
(229) with6 =3, a=6,6 =%, a=25 6=12 ,a=3and § =2, o = 3, respectively. For
such compact schemes we can now prove the total variation stablhty for u.

Proposition 2.3
If a compact scheme (2.7) satisfies the conditions in Proposition 2.1 and Lemma 2.2, then
it is TVB (total variation bounded). That is,

(") =3 Jubys —uf| < C (2.31)

for all n > 0 and At > 0. Here C is a constant independent of n and At.

Proof:
By (2.12), we have

TV(u") = Zlu:;l—u?|=2:l<A-‘a")i+1—(A-‘a“)i

< NA7e X [k - 7| < o5 TV(E).

O

This Proposition guarantees convergence of at least a subsequence of the numerical so-
lution.

We now discuss whether the limiting defined in (2.18) maintains the formal accuracy
of the compact schemes in smooth regions of the solution. For this we need the following
assumption.

Assumption 2.4

for all u € C?.

O

This Assumption is satisfied by any compact scheme with a symmetric A, for example
all those listed in (1.3) through (1.6).
Under Assumption 2.4, it is easy to verify by simple Taylor expansions that

AfE@@r) = fE@)sAz+O0(AzY)  k=i—1,i,i+1

aft, = %f*(a,-),,A:c+O(Ao:2). (2.33)

Hence in smooth regions away from critical points (critical points are defined here as
points for which f+(@), = 0 or f~(@), = 0), the second and third arguments of the minmod
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functions in (2.18) are asymptotically of the same sign as the first argument and half in
magnitude. Hence the first argument will be picked by the minmod function (2.19) for
sufficiently small Az, thus yielding

dﬁi‘;) =d ‘;f;,i. (2.34)

This guarantees the original high order accuracy of the scheme in such smooth, monotone
regions. At critical points, the accuracy will degenerate to first order as a generic restriction
of all TVD schemes (see, for example, [13]). To overcome this difficulty, we use a modification
of the minmod function

' 2
M(ay, -, ak) = { iy if e s MAz (2.35)

m(ay,---,ax), otherwise

where M is a constant independent of Az. This modification is discussed in detail in [5] and
[15].

With this modification we can obtain schemes which are formally of uniform high order
accuracy and equal the original unlimited scheme in smooth regions including local extrema.
Moreover, we can prove the following proposition.

Proposition 2.5
The conclusions of Proposition 2.1 and 2.3 are still valid for any n and At such that
0 < nAt £ T, with TVDM in (2.23) replaced by TVBM (total variation bounded in the

means)

V(i) < C (2.36)

where C is independent of At, if the minmod function m in (2.18) is replaced by the modified
minmod function 7 defined in (2.35).

The proof is similar to that contained in [15] and [5] and is thus omitted.
O

The choice of the constant M in (2.35) is related to the second derivative of the solution
near smooth extrema. For details, see [5] and [15]. The numerical result is usually not
sensitive to the variation of M in a large range.

In this paper we only consider pure initial value problems. u° in (1.1) is assumed to
be either periodic or compactly supported. For initial boundary value problems, @ in (2.5)
is defined differently at the boundary, as is the scheme (2.6). The limiting (2.18) can be
modified at the boundary so that the scheme remains TVDM (or TVBM) and TVB for

initial boundary value problems. We refer the readers to [5] and [16] for more details.

3 Multiple Space Dimensions

For notational simplicity we only consider the two dimensional case (1.1)-(1.2). Three space
dimensions do not pose additional conceptional difficulties. As before, we only need to
consider the Euler forward time discretization
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uitt = ufi + AtL(u")y;. (3.1)
We again define

Uy = (AyAgu)ij (3.2)
so that scheme (3.1) can be left-multiplied by A,A; to become
=n+l _ At n At n
G = 8~ R (A Bl (7)) — S (AB (") (3.3)

Here and in what follows we will use the commutativity of A;, Ay, Br and B, so that a
product can be written in any order. Scheme (3.3) can be written into a conservation form

At 4 n
=n+l _ n
UU u;] A(L'( ,'+17'j f,,._-Q.’J) (9 ,J+2 ,J——) (34)

which involves numerical fluxes and g" 41 08 local functions of u};. For example,

+1

A

fons = A (Fluinns) + f(us)
Giary = gAe(9uige) +9(us) (35)

for the fourth order central scheme (1.3), with analogous definitions for the other schemes.
Again, scheme (3.4) resembles a cell-averaged (finite volume) scheme [10]. The w;; defined
by (3.2) is a local mean of u, and a “reconstruction” from @ to u

wj = (A7 Ay a); (3.6)

is needed to compute the fluxes f,-+;2_,j and g; ;41 in (3.4).

We remark that the additional costs of implementing scheme (3.4), comparing with the
original scheme (3.1), are the two local operators A; and A;. The major part of the cost still
consists of the two tridiagonal inversions.

The limiting to obtain nonlinear stability can now be defined in a dimension by dimension
fashion; we can use the one-dimensional flux splitting (2.13), for f(u), to write the flux firx 11
as

fi+15,j f,+ J+ ,+ J (37)

where f* +} 8T€ again obtained by putting superscripts & in, for example (3.5). The remain-

ing definition of the limiting parallels that in Section 2, with a dummy index j added for
the reference y value. We still start with the differences between the high order numerical
fluxes and the first order upwind fluxes

dffyy = Py = @) diny =) = oy, (3.8)
and limit them by



A = (A AT (@), 85 (@)
AP = m(dhy AL @), AL (@) (3.9

where Avi; = vi31,; — vi; is the forward difference operator in the z direction and the
minmod function m is defined by (2.19). We then obtain the limited numerical fluxes by

T30y = @)+ i ) = @) - 480 (3.10)
and
Flm) f+(m) , F~(m)
Fiirs = Jat; thans (3.11)

The flux in the y-direction is defined analogously.
In light of [8] this scheme cannot be TVD in two space dimensions. However we can
obtain maximum norm stability through the following proposition.

Proposition 3.1
Scheme (3.4) with the flux (3.11) satisfies a maximum principle in the means

rr';zja,xl < max |7 n (3.12)
under the CFL condition
{max (f""'(u)) + max( ' (u ))] — + [max (g+'(u)) + max (——g“'(u))] 2—; < % (3.13)

where the maximum is taken in min; U5 Su < max;; 4 uy.

Proof: Similar to the development in Prop031t10n 2.1, we can write the flux differences as

f,(r;)_, f,(m) = 1 A uz] + D A+u1 1,5
!},(,'Jnl% - é,(;l_).% = C: J+1A+“w + Du—’-A+uu 1 (3.14)
with
Citpi 20, Dig;20,  Cipp20, D320 (3.15)
due to the flux splitting (3.7), the limiting (3.9), and
At At
~ (Cisz+ Disyy) + Ay (Cies + Dyyo1) <1 (3.16)

the CFL condition (3.13).
We then have
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At

3 A o
u..+1 = u'.j+—(C,+1JA+u,] D 1., + i— IJ)+A

15 A.’L’ 3
At

At
= [1—5-(0,+ i+Diy;) - Ay (Ciges + Dij-y) 5]
+C+lgut+11+Dt——] ?1]+C 1,1+1+Dt,]—-ﬂ?,3—-1

(CijprAYEY — Dy y AR, )

which implies the maximum principle (3.12) because '"J“ is written as a convex combination
of af, 4%, ; and 4l;4, with positive coefficients which add up to one.

O

In order to obtain maximum norm stability for u, we need a lemma similar to Lemma 2.2.

Lemma 3.2

If there are two numbers 0 < § < 1 and a > 0, which are independent of N, such that
the N x N matrix A = (ai;) satisfies:

1 Y .
1122)1% ] S < a, and Z lai;| < 6layl, i=1,-- N (3.17)

j=1
j#i
(strongly diagonally dominance for A), then the Lo, norm of A™! is bounded independent
of N

84

A e € 72

— (3.18)

Proof: The proof is similar to that for Lemma 2.2 and is thus omitted.

0

For the compact methods we consider, the matrix A is symmetric. Hence the requirements
(2.29) and (3.17) are the same.
We can now use Lemma 3.2 to obtain the maximum norm stability for u.

Proposition 3.3
If a compact scheme (3.4) satisfies the conditions in Proposition 3.1 and Lemma 3.2 for
both A; and A, then it is stable in the maximum norm. That is,

maxiu
1,J

(3.19)

for all n > 0 and At > 0. Here C is a constant independent of n and At.

Proof:
By (3.2), we have
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n
ij

(A“A‘la")

max 'u v Az

| = max
4

5,2

< (v25) malet]

Y

< 1147 1A oo max

a

This Proposition does not guarantee convergence, but it at least guarantees that the
numerical solution will not blow up due to instability.

Under the Assumption 2.4 for both A, and A,, we can again easily verify that the
limiting (3.9) maintains formally the original high order accuracy of the scheme in smooth,
monotone regions. The degeneracy of accuracy at critical points can once again be overcome
by adopting the modified minmod function (2.35) in the limiting (3.9).

4 Numerical Examples

To test the behavior of the schemes discussed in Sections 2 and 3, we use the one and two
dimensional Burgers equation with the smooth initial conditions

u?
Uy + (?)x = 0

u(z,0) = 0.3+ 0.7sin(z) (4.1)

and

u? u?
””“(?)J(?),, -0
u(z,y,0) = 0.3+0.7sin(z +y). (4.2)

Both are assumed to have 27-periodic boundary conditions. The solutions will stay smooth
initially, and then develop shocks which move with time. The exact solution to (4.1) can be
obtained by following the characteristics and solving the resulting nonlinear equation using
Newton iteration. The exact solution to (4.2) is that of (4.1) with z replaced by = + y and
t replaced by 2t. These are standard test problems for scalar nonlinear conservation laws
containing shocks. For comparison with finite difference ENO schemes and finite element
discontinuous Galerkin methods, see [17], [5] and [6].

The schemes we test are based on the fourth order central scheme (1.3) coupled with a
fourth order Runge-Kutta time discretization (henceforth referred to as the central scheme),
as well as the third order upwind schemes (1.5)-(1.6) coupled with the third order TVD
Runge-Kutta time discretization (1.8) (henceforth referred to as the upwind scheme). For
the flux splitting (2.13) we use the Lax-Friedrichs splitting (2.15). The time step At is
taken to satisfy a CFL condition

12



max ]| Atw <05 (4.3)
in one dimension and
a1 (A At?
max & (Aw + Ay) <0.5 , - (4.4)

in two dimensions. When the modified minmod limiter (2.35) is used, the constant M is
taken as 1.

We first test the effect of limiters when the solution is smooth but not monotone. In
Figure 1 we plot the L; error versus number of grid points, in a log-log scale, at ¢t = 0.6 for
the one dimensional case and at ¢ = 0.3 for the two dimensional case. In such scales, the error
should be a straight line with slope —k for a &-th order method. We can see that the original
compact schemes and the schemes with modified minmod limiter (2.35) (henceforth referred
to as the TVB limiter) give the expected third and fourth order accuracy respectively, while
the schemes with the minmod limiter (2.19) (henceforth referred to as the TVD limiter) give
only second order accuracy due to the degeneracy at the critical points. We can also see
that both the central and the upwind schemes work well for this smooth problem.

We then test the effect of limiters when the solution becomes discontinuous. In Figure 2
we show the results of the original compact schemes at ¢ = 2 for the one dimensional case.
We can see over- and under-shoots as well as oscillations, and in this case the result of the
central scheme is much worse than that of the upwind one. In Figures 3 and 4 we show
the results with the TVD and the TVB limiters. Apparently the limiters have stabilized
the solution, as predicted by the theory. However the result with the central scheme is not
quite satisfactory. In Figures 5 and 6, we show the pointwise errors, in a logarithm scale, for
the numbers of grid points N = 10,20,40,80 and 160. We can see that the central scheme,
even with the TVB limiter, shows a reduced accuracy for quite a large region around the
shock. This indicates that, for a scheme which is globally oscillatory (like the central compact
scheme), limiters can render it stable but may kill accuracy in smooth regions since there
are oscillations there to suppress. On the other hand, the upwind compact scheme work
well, with bigger errors for the TVD limiter near the smooth extremum which is close to the
shock. The errors for the two dimensional case are similar and are not displayed. In the last
plot, Figure 7, we show the surface of the two dimensional solution at £ = 1 with 40 x 40
points using the third order upwind method with TVB limiting.

5 Concluding Remarks

We have discussed a general framework to apply local limiters on compact schemes via the
definition of a local mean. The resulting schemes are proven TVB (total variation bounded)
in one dimension and maximum norm stable for multiple space dimensions. Numerical
examples show that the base compact scheme should be upwind-biased in order to obtain
high order accuracy after limiting for shocked problems.
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Figure 1: L, error versus number of grid points in log-log scale for smooth solutions. Stars:
compact schemes without limiter; squares: with TVD limiter; diamonds: with TVB limiter.
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1(c): Third order upwind scheme, 2D
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Figure 2: Compact schemes without limiter for shocks. Pluses: computed solution; solid

line: exact solution.
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Figure 3: Third order upwind scheme with limiters for shocks. Pluses:

solid line: exact solution.

3(a): With TVD limiter
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Figure 4: Fourth order central scheme with limiters for shocks. Pluses: computed solution;
solid line; exact solution.
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Figure 5: Pointwise error for N = 10,20,40,80 and 160 grid points, in a logarithm scale.
Third order upwind scheme with limiters for shocks.
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Figure 6: Pointwise error for N = 10,20,40,80 and 160 grid points, in a logarithm scale.
Fourth order central scheme with limiters for shocks.
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Figure 7: Surface of third order upwind compact scheme with TVB limiter for shocks, with
40 x 40 points.
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